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Abstract. We continue our study of the well-posedness theory of a one-parameter family of 
coupled KdV-type systems in the periodic setting. When the value of a coupling parameter 
a £ (0,4) \ {1}, we show that the Gibbs measure is invariant under the flow and the system is 
globally well-posed almost surely on the statistical ensemble, provided that certain Diophantine 
conditions are satisfied. 



1. Introduction 
In this paper, we consider coupled KdV systems of the form: 

{u t + cinu xxx + a 12 v xxx + biuu x + b 2 uv x + b 3 u x v + b 4 vv x = 
Vt + a 21 u xxx + a 22 v xxx + b 5 uu x + b 6 uv x + b 7 u x v + b$vv x = 
( u ' u )|t=o = ( M o,fo) 

in the periodic setting, where A = (a 1 } all ) i s self-adjoint, and u and v are real- valued functions. 
There are several systems of this type: the Gear-Grimshaw system |9], the Hirota-Satsuma system 
|12j . the Majda-Biello system [IB] , etc. By applying the space-time scale changes along with the 
diagonalization of A, one can reduce |T]) to 



(2) 



ih + u xxx + biuu x + b 2 uv x + b 3 u x v + b±vv x = 
Vt + av xxx + b 5 uu x + b 6 uv x + b 7 u x v + b s vv x = 
.( M ' u )|t=o = ( M o,«o), 
where a/0, (i,i)£Txl with T = [0, 2tt). 

In this paper, we assume that (JSJ) has a Hamiltonian H of the form u H(u, v) = \ J u x + 
av^+nonlinear terms" and that both H and N(u, v) = h J u 2 + bv 2 , for some b > 0, are conserved 
under the flow of @. (Note that this is the case for the Gear-Grimshaw and the Majda-Biello sys- 
tems among other coupled KdV systems.) When 1, it is shown in [IS] that there is an interval Io 
around a = 1 such that particular resonances occur for a € io\{l} which are not present when a = 1. 
We show that, for a £ Io \ {1}, the Gibbs measure dfi = Z^ 1 exp(—0H(u,v)) Y\ x£T du(x) ® dv{x) 
is invariant under the flow (|2|) and that ([2]) is globally well-posed almost surely on the statistical 
ensemble, provided that certain Diophantine conditions are satisfied. 
As a model example, we consider the Majda-Biello system: 



(3) ^ 



u t + u xxx + vv x =0 

v t + av xxx + (uv) x = (x, t) G T x M, 
,( u ' w )| t =o = K,vo), 

where T = [0, 2tt), < a < 4, and u and v are real- valued functions. This system has been proposed 
by Majda and Biello [16j as a reduced asymptotic model to study the nonlinear resonant interactions 
of long wavelength equatorial Rossby waves and barotropic Rossby waves with a significant mid- 
latitude projection, in the presence of suitable horizontally and vertically sheared zonal mean flows. 
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In [TB], the values of a are numerically determined and they are 0.899, 0.960, and 0.980 for different 
equatorial Rossby waves. Of particular interest to us is the periodic case because of its challenging 
mathematical nature as well as its physical relevance of the proposed model (the spatial period for 
the system before scaling is set as 40, 000 km in [15].) 
Several conservation laws are known for the system: 

(4) Ei = I udx, E% = ( vdx, N(u,v) — — [ u 2 + v 2 dx, H(u,v) = — / u 2 + av 2 — uv 2 dx , 



where H(u, v) is the Hamiltonian of the system. There seems to be no other conservation law, 
suggesting that the Majda-Biello system may not be completely integrable. The system has scaling 
which is similar to that of KdV and the critical Sobolev index s c is — I just like KdV. 

First, we review the local and global well-posedness (LWP and GWP) results of from [IS], [!§] ■ 
Note that all the results, except for the global well-posedness on T for a £ (0, 1) U (1,4), are sharp 
in the sense that the smoothness/uniform continuity of the solution map fails below the specified 
regularities. When a = 1, we showed in [TH] that ([3J is globally well-posed in H~?(T) x H~?(T) 
without the mean condition on the initial data, via the /-method developed by Colliander-Keel- 
Staffilani-Takaoka-Tao [7] in the vector- valued variants X*'^ of the Bourgain space X s ' b [2]. 

Now, let's turn to the case a £ (0, 1) U (1, 4]. In this case, we have two distinct linear semigroups 
S(t) = e~ t9 * and S a (t) — e~ atd * corresponding to the linear equations for u and v. Thus, we need 
to define two distinct Bourgain spaces X s ' b and X% to encompass the situation. For s, b £ M, let 
X s ' b (T x E) and X^' b (T x R) be the completion of the Schwartz class 5(T x M) with respect to the 



(5) ||«|U«.'(TxR) = \\(n) s (T ~n d ) b u(n,T 

( 6 ) IMIx^(txr) = \K n ) s ( T - an3 ) bd ( n > T )\\ L i T (zxM)> 

where ( • ) = 1 + | • |. Then, two of the crucial bilinear estimates in establishing the LWP of ([3]) are: 

(7) ||9 x (ui« 2 )|| , i < \\vi\\ . i IMI . 1 

(8) RMII . -1 < Hull . I, Jlull . 1 

First, consider the first bilinear estimate 0. As in Kenig-Ponce-Vega [13] . we define the bilinear 
operator B s>b (-, •) by 

n(n) s 1 ^ f f(n 1 ,T 1 )g(n 2 ,T 2 ) 



B., h (f,g){n,T) = —- — t- ^ / ^ —dri- 



ni+no— n 

T1+T2- 



\n\)° \ri2)° \t\ - any 2 (r 2 - an%) 2 

Then, ([7]) holds if and only if \\B s ,b(f,g)\\ L 2 ^ ll/lli* JMU= T - As m the KdV case, d x appears on 

the left hand side of ||7J) and thus we need to make up for this loss of derivative from (r — n 3 ) i (ti — 
an 3 }? (t 2 — an^) 5 in the denominator. Recall that we basically gain | derivatives in the KdV case 
(with n,77,i,ri2 ^ 0) thanks to the algebraic identity 

(9) 7l 3 — 77 3 — 77?, = 37171177,2 

for 77 = n 1 + n 2- However, when a^l, we no longer have such an identity and we have 
max ((r — n 3 ), (ti — anj), (r 2 — Q;n|)) ~ (r — 7i 3 ) + (n — cm 3 ) + (r 2 — cm?,) 

(10) > |(r- n 3 ) - (n - an 3 ) - (r 2 - cm 2 )| = | n 3 - an 3 - an 3 ,], 

where n = n\ + n 2 and r = ri + r 2 . Note that the last expression in (fl7J| can be for infinitely 
many (nonzero) values of 77, n±, and 77 2 , causing resonances. By solving the resonance equation: 

(11) n 3 — an 3 — an\ — with 77 = 771 + 77 2 , 
we have (77-1,772) = (cjn, C277) or (C277, cin), where 



(12) d = i + and c 2 = i - v - 3 + 6 12 "' 
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Note that ci + c 2 = 1 and that c\, c 2 € R if and only if < a < 4. If C\ G Q (and thus c 2 € Q), then 
there are infinitely many values of n S Z such that cin, c 2 ?t. € Z. This causes resonances for infinitely 
many values of n, and thus we do not have any gain of derivative from (r — 77 3 )(ti — an^)(r 2 — cm 2 ) 
in this case. 

If ci el\Q, then C\n £ Z for any neZ. i.e. n — an\ — cm\ ^ for any n, n±, 77 2 € Z. However, 
generally speaking, n — an\ — cm 2 can be arbitrarily close to 0, since c±n can be arbitrarily close to 
an integer. Therefore, we need to measure how "close" c\ is to rational numbers. In [18j . we used 
the following definition regarding the Diophantinc conditions commonly used in dynamical systems. 

Definition 1 (Arnold jT]). A real number p is called of type (K, v) (or simply of type v) if there 
exist positive K and v such that for all pairs of integers (m,n), we have 

to K 

( 13 ) P-- > r^;- 

Also, for our purpose, we defined the minimal type index of a given real number p. 
Definition 2. Given a real number p, define the minimal type index v p of p by 

foo, ifpeQ 

I inf{^ > : p is of type v\, if p f. Q, 

Remark 1.1. Then, by Dirichlet Theorem [TJ p. 112] and [TJ p. 116, lemma 3], it follows that v p > 
for any p£R and v p = for almost every pel. 

Using the minimal type index u Cl of c\, for any e > 0, we have 

(14) |n 3 -anf-an|| > Inl 1 -^- 5 

for all sufficiently large 77 6 Z, which provides a good lower bound on (flQ]) . With (fl"4|) . we proved 
that holds for s > \ + \v cx . 

The resonance equation of the second bilinear estimate ([5]) is given by 

(15) an 3 — Hi — cm 2 = with 77 = n\ + ?7 2 . 

By solving (|T5)) . we obtain (t7i,77 2 ) = (din, (1 — di)n), (rf 2 77, (1 — d 2 )n), (0,n), where 



(16) di = 5^ and d 2 = • 

Note that di, d 2 € R if and only if a S [0, 1) U (1, 4]. Then, for any e > 0, we have 

(17) |an 3 - 77 3 - a77 3 | > \n\ 1 - ma *'«i' Vd »)- e 

for all sufficiently large 77 e Z. With (fl~7|) . we proved that (jHJ) holds for s > 5 + | maxf^j , i/^ 2 ) with 
the mean assumption on 77. Note that the mean assumption on 77 is needed since 77! — is a 
solution of (Ti"5|) for any 77 € Z. Indeed, it is shown in [TH] that ijHJ) fails for any s 6 R without the 
mean assumption on u. 

Remark 1.2. We point out that the bilinear estimates ([7]) and JSj) hold for s > away from the 
resonance sets, i.e. ([7]) holds for s > on {(77, 77!) : \n\ > 1, \rii — Cin\ > 1 and \n\ — c?n\ > 1}, and 
(|5J) holds for s > on {(77, 77!) : \ n \ ^ 1, \ n \ — d\n\ > 1 and |nj — d 2 77| > 1}. 

Now, let So (a) = i + Imax^cj,^,!/^). Note that so = | for almost every a € (0,4] in view 
of Remark 11.11 In [18] . we proved that, for a € (0,4] \ {1}, the Majda-Biello system ([3]) is locally 
well-posed in H S (T) x H S (T) for s > s*(a) := min(l, so+), assuming the mean condition on uq. 

We'd like to point out the following. On the one hand, we have s*(a) = so (a) = 5+ for almost 
every a S (0,4] \ {1}. On the other hand, for any interval / C (0,4], there exists a S / such that 
s*(a) = 1. This shows that the well-posedness (below TJ 1 ) of the periodic Majda-Biello system is 
very unstable under a slight perturbation of the parameter a. 
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Using the Hamiltonian H(u,v), one can easily obtain the GWP of in iJ 1 (T) x ff 1 (T). This 
result is sharp when s* = 1, i.e. when max(f Cl , i^, z/<j 2 ) > 1. In particular, it is sharp for a = 4, 
since ci S Q for a = 4. 

When va&-K{v Cl ,VdnVd 2 ) < 1, we used the /-method to generate a sequence of modified energies 
(modified Hamiltonians) (u,v)(t). Using the second modified energy H^ 2 \ it is shown in [TI5] 

that © is globally well-posed in H"(T) x H S (T) for s > s** := max ( 6(s ° 5 + j^ +)2 , 2(s °+ )+9 ) . In 
particular, we have s**(a) = |+ for almost every a € (0,4] \ {1}. We also showed that the Fourier 
multiplier for the time derivative of the third modified energy is unbounded on a nontrivial set. 
i.e. the /-method fails before the GWP result matches the LWP one. This shows that the GWP 
obtained via is the best possible result using the /-method. Note that there is a gap between 
s*(a) and s**(a), unless s* = 1. In particular, s* = ^+ > s** = |+ for a.e. a £ (0,4] \ {!}. 

In an attempt to fill the gap between the LWP and the GWP results, we consider the Gibbs 
measure of the form "dp = Z _1 exp(— [3H(u, v)) YixeT du(x) Cg) dv(x)" . First recall the following; 
Given a Hamiltonian flow 

/A = g 

on M. 2n with Hamiltonian // = H(p\, ■ ■ ■ ,p n , qi, ■ ■ ■ , q n ), Liouville's theorem states that the 
Lebesgue measure on K 2n is invariant under the flow. From the conservation of the Hamiltonian H, 
the Gibbs measures e~@ H Y\7=i dpidqi are also invariant, where (3 is the reciprocal temperature. In 
our context, the Hamiltonian H(u,v) is conserved under the flow of ((3]). Then, we'd like to use the 
invariance of the Gibbs measure p (which holds true in finite dimensional case) to prove a GWP 
result. At this point, everything is merely formal, which needs to be made rigorous. 

In the context of NLS, Lebowitz-Rose-Speer [15] considered the Gibbs measure of the form dp = 
exp(— (3H(u)) YIxet du{x) where H(u) is the Hamiltonian given by H(u) = 5/ \u x \ 2 ± ij |u| p <ia;. 
In the focusing case (with — ), H(u) is not bounded from below and this causes a problem. Using 
the conservation of the L 2 norm, they instead considered the Gibbs measure of the form d/i = 
exp(— f3H(u))x{\\u\\ L 2<B} LLeT du{x), i.e. with an i 2 -cutoff. This turned out to be a well-defined 
measure on H?~(T) = f\<i H S (T) (for p < 6 with any B > 0, and p — 6 with sufficiently small 
B.) Bourgain 0] continued this study and proved the invariance of \x under the flow of NLS and the 
global well-posedness almost surely on the statistical ensemble. Note that [4] appeared before the 
so-called Bourgain's method [3] or the /-method [7], i.e. there was virtually no method available to 
establish any GWP result from a LWP result whose regularity was between two conservation laws. 
This was the case for NLS for 4 < p < 6. We use this idea to obtain a.s. GWP of the Majda-Biello 
system (j3)). Recently, Burq-Tzvetkov [6] independently and simultaneously used similar ideas to 
prove a.s. GWP for the nonlinear wave equation on the unit ball in R 3 under the radial symmetry. 
Also, see other work by Tzvetkov related to this subject [2T], [22] , 

For the Majda-Biello system ([3]), we have H(u,v) — ^ J u 2 + av 2 — uv 2 dx. It is known (c.f. 
Zhidokov [23j ) that the Wiener measure dp = Z- 1 cxp(-i / u 2 + av 2 dx) Y\ xt zj du(x) ® dv(x) is 
a well-defined countably additive measure on H^~(T) x Hi~(T). Since — i j uv 2 dx is not sign- 
definite, we need to add an L 2 cutoff in considering the Gibbs measure (weighted Wiener measure) as 
in [15] and [4]. Then, d/i = Z^ 1 exp(i J uv 2 dx)x{\\(u,v)\\ l2 <B}dp is a well-defined countably additive 
measure on //3-(T)x//2-(T). When a = 1, the invariance of the Gibbs measure \x directly follows 
from Bourgain's argument for KdV in [4] and the GWP of ((3]) in H~z(T) x ZZ~2(T) obtained in 

ES|. 

Now, recall that for a e (0, 4) \ {1}, the Majda-Biello system © is LWP in H S (T) x H S (T) only 
for s > \ + 5 max(^ Cl , v^, Vd 2 ) > 5 and is C 3 ill-posed for s < \ + i max(z/ Cl , Vd x , ^d 2 ) m the sense 
that the solution map is not C 3 (c.f. [18 .) i.e. the flow of ((3]) is not well-defined on the support of 
the Gibbs measure p, in terms of the usual Sobolev spaces. We instead consider the Cauchy problem 
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for (uq,v ) £ H 3l > S2 (T) x H S ^ S2 (T), where 

(18) |M|ff*i.«2 = U\\h'i + sup(n) S2 \0(n)\ < oo 

n 

for some si, S2 with 0<si<i<S2<l (to be determined later.) First, recall that, as mentioned 
in Remark II. 2\ the bilinear estimates ((?]) and ([8|) fail for s < \ only at 4 frequencies near the 
resonances. sup„(n) S2 |0(n)| in (fT8|) exactly controls these particular resonances with the higher 
regularity S2 > \ + \ max(z/ ci , v& x , ) . We have the following theorem. 

Theorem 1. Let a £ (0,4) \ {1} and max(i/ Cl , Vd 1 , Vd 2 ) < 1- Assume the mean condition on uq. 
Let |<si<i<S2<l with 2si > S2 > \ + \ max(^ Cl , i>d x , Vd 2 ). Then, the Majda-Biello system 
§1 is locally well-posed in H Sl ' S2 (T) x H Sl ' S2 (T). 

As seen in Bourgain's work on mKdV and Zakharov system [4] , [5], we have /j.(H S1 ' 32 xH S1 ' 82 ) = 1 
for < si < | < S2 < 1. i.e. H Sl < S2 (T) x if sl ' S2 (T) contains the full support of fi. In [J, Bourgain 
proved the invariance of the Gibbs measure and a.s. GWP of mKdV by establishing an improved 
local well-posedness in H Sl ' S2 with si = \— and s^ = 1—. Following his argument, we obtain the 
a.s. global well-posedness of ©, using the finite dimensional approximation to ([3]) along with the 
invariance of the finite dimensional Gibbs measure. 

Theorem 2. Let a € (0,4) \ {1} and max(^ Cl , v^, Vd 2 ) < 1- Assume the mean condition on 
uq. Then, the Gibbs measure \i (with an L 2 -cutoff) is invariant under the flow of ([3]), and (j3]) is 
globally well-posed a.s. on the statistical ensemble. 

We point out that Theorem [2] does not fill the gap between the LWP and GWP of as we 
initially hoped. However, it does establish a new GWP result for almost every a S (0, 4) \ {1} which 
can not be obtained by the methods in [18] and [19] . 

This work is a part of the author's Ph.D. thesis [17] • This paper is organized as follows: In Section 
2, we introduce some standard notations. In Section 3, we go over the basic theory of Gaussian 
Hilbert spaces and abstract Wiener spaces, and we give the precise meaning to the Gibbs measure 
/i. In Section 4, we introduce the function spaces and linear estimates. Then, we prove Theorem [T] 
in Section 5, and extend this local result to a.s. GWP in Section 6. We also establish the invariance 
of the Gibbs measure /i. In Appendix, we present the proof of a probabilistic lemma from Section 
3. 

Acknowledgements: The author would like to express his sincere gratitude to his Ph.D. advisor, 
Prof. Andrea R. Nahmod. He acknowledges the NSF summer support in 2005-06 under Prof. 
Nahmod's grant DMS 0503542. He is also grateful to Prof. Luc Rey-Bellet for helpful discussions 
in probability and abstract Wiener spaces. 

2. Notation 

On T, the spatial Fourier domain is Z. Let dn be the normalized counting measure on Z, and we 
say / € LP(Z), 1 < p < oo, if 



oo. 



If p = oo, we have the obvious definition involving the essential supremum. We often drop 2tt for 
simplicity. If the function depends on both x and t, we use Al (and At ) to denote the spatial (and 
temporal) Fourier transform, respectively. However, when there is no confusion, we simply use A 
to denote the spatial Fourier transform, temporal Fourier transform, and the space-time Fourier 
transform, depending on the context. 

Let X s,b and X^ b be as in ([5]) and ([6]). Given any time interval / = [fi,f2] C IR, we define the 
local in time X s < b {T x I) (or simply X s > b [ti,t 2 }) by 



a 



\ x .,b = ||u||x».t(Tx/) = inf {IMIx = .f(TxR) : "1/ = «}■ 
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We define the local in time X^ b (T x I) analogously. Also, in dealing with a product space of two 
copies of a Banach space X, we may use X x X and X interchangeably. 

Let r) S C%°(M) be a smooth cutoff function supported on [—2,2] with n = 1 on [— 1. 1] and let 
r] T (t) = ri(T t). We use c, C to denote various constants, usually depending only on s±, S2, b, and 
a. If a constant depends on other quantities, we will make it explicit. We use A < B to denote 
an estimate of the form A < CB. Similarly, we use A ~ B to denote A < B and i? < A and use 
A -C i? when there is no general constant C such that -B < CA We also use a+ (and a—) to denote 
a + e (and a — e), respectively, for arbitrarily small e<l. 



3. Gaussian Measure in Hilbert Space and Abstract Wiener Space 

In this section, we go over the basic theory of Gaussian measures in Hilbert spaces 
and abstract Wiener spaces and provide the precise meaning of the Gibbs measure u dp, — 
Z~ x exp(— (3H(u, v)) n^eT du(x) ® dv(x) v appearing in Section 1. For simplicity, we set the re- 
ciprocal temperature (3 = 1. For details, see Zhidokov [23], Gross [TT], and Kuo [13] . 

First, recall (centered) Gaussian measures in R™. Let n € N and B be a symmetric positive n x n 
matrix with real entries. The Borel measure p in ffi™ with the density 

is called a (nondegenerate centered ) Gaussian measure in M. n . Note that p(R n ) = 1. 

Now, we consider the analogous definition for the infinite dimensional (centered) Gaussian mea- 
sures. Let H be a real separable Hilbert space and B : H — ► H be a linear positive self-adjoint 
operator (generally not bounded) with eigenvalues {A n } nS N and the corresponding eigenvectors 
{e n }„ g M forming an orthonormal basis of H . We call a set M C H cylindrical if there exists an 
integer n > 1 and a Borel set F C W 1 such that 

(19) M={xeH: {{x,e x ) H ,--- ,(x,e n ) H ) e F}. 

For a fixed operator B as above, we denote by A the set of all cylindrical subsets of H . Note that 
A is a field. Then, the centered Gaussian measure in H with the correlation operator B is defined 
as the additive (but not countably additive in general) measure p defined on the field A via 

n „ 

(20) p(M) = (27t)~-? Y[ \^ / e ^ E?=1 ^^dxx ■ ■ ■ dx n , for M € A as in fH]). 

The following theorem tells us when this Gaussian measure p is countably additive. 

Theorem 3.1. The Gaussian measure p defined in (|20|) is countably additive on the field A if and 
only if B is an operator of trace class, i.e. ^ , A rl < oo. If the latter holds, then the minimal 
a-field M containing the field A of all cylindrical sets is the Borel cr-field on H . 

Consider a sequence of the finite dimensional Gaussian measures {p n }neN as follows. For fixed 
n 6 N, let M. n be the set of all cylindrical sets in H of the form (fT9|) with this fixed n and arbitrary 
Borel sets F C W 1 . Clearly, M. n is a cr-field, and setting 

Pn (M) = (2tt)-* TT AT* / e-i^?=i x 7 lx U Xl ---dx n 

;=i y ^ 

for M € Al n , we obtain a countably additive measure yO n defined on M n . Then, one can show 
that each measure p n can be naturally extended onto the whole Borel cr-field A4 of H by p n (A) := 
p n (A n spanjei, • • • , e n }) for A £ A1. Then, we have 

Proposition 3.2. Lei p in (|20p &e countably additive. Then, {p n }neN constructed above converges 
weakly to p as n — > cxd . 
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Now, we construct the Gaussian measure which comes from the quadratic part of the Hamiltonian 
H((j),ijj) = i J (p 2 , + aipl — 4>ip 2 dx, a > 0. First, we identify a pair of real-valued functions (4>,fp) 
on T with their Fourier coefficients (a, 6) = (a„,6„)„ e z- Since <p and tp are real-valued, we have 

0,— n — q>h and b — n — bn- 

Then, define the finite dimensional Gaussian measure pn on C x C = 
{(a„, b n ) : 1 < n < AT} with the normalized density 

(21) d PN = Z^e-i^ » 2 (KI 2 +«IM 2 ) n ^ =i d{an ® bn)) 

where Zjy — J c n xC n e~5 D„=i n 2 (|a„| 2 +a|b„| 2 ) FJ^ =1 d(a n ®b n ). Note that this measure is the induced 
probability measure on C N x C w under the map ui t— > { (n -1 f n (u), a~ 2 n^gv^w)) : 1 < rt < AT}, 
where {/„(o;)} and {<?«(<*>)} are i.i.d. standard complex Gaussian random variables. In particular, 
Pn is a Wiener measure on C 2N . Next, define 

(22) dp = g-ViEn^i " 2 (KI 2 +«IM 2 ) d(a„ <g> & n ), 

where Z = J e^^^Z™^ 1 71 " a "' +Q I & ™I ) J7 n>1 d(a n <g> For now, assume the means of <fi and ip on 

T are 0, i.e. ao = 60 = 0. Let i?o be the homogeneous Sobolev space restricted to the real-valued 
mean elements. Then, we'd like to know for which s £ R the Gaussian measure p with the density 
can be a well-defined countably additive measure on Hq x Hq. 

For simplicity, we consider a Gaussian on a space of a single real- valued function. Let (•, 
be the usual inner product in H s . i.e. (^c„e" 1I ,^4e t " I ) J j s = ^2 n -to\n'\ 2s c n d n . Let i? s = 
y/— A 2s_2 . Then, the weighted exponentials {|n| _s e m:c } n ^o are the eigenvectors of B s with the 
eigenvalue |n| 2s_2 , forming an orthonormal basis of Hq. Note that 

-\{B~ l <t>, cb)^ = -|( £ W 2 - 2s a n e™, £ m*")^ = -§ £ M 2 |a„| 2 . 

n^O n^O ' n^O 

The right hand side is exactly the expression appearing in the exponent in (|22| . By Theorem l3.il 
p is countably additive if and only if B is of trace class, i.e. X)n^o M 2s ~ 2 < 00 if and only if s < 5. 
Hence, Hs<± H s x ^ s i s a natural space to work on. 

Unfortunately, it is shown in [18] that ((3]) is ill-posed in H s x H s for s < | when a £ (0, 4) \ {1}. 
In view of Theorems [TJ we consider the property of p on 

H s u s 2 x H s 1:S2 for < si < I < s 2 < 1. 
Since H Sl ' S2 x H Sl ' S2 is not a Hilbert space, we now turn to the basic theory of abstract Wiener 
spaces. 

Recall the following definitions [14]: Given a real separable Hilbert space H with norm || • ||, let 
T denote the set of finite dimensional orthogonal projections P of H . Then, define a cylinder set 
E by E = {x £ H : Fx £ F} where P £ T and F is a Borel subset of FH, and let K denote the 
collection of such cylinder sets. Note that 1Z is a field but not a cr-ficld. Then, the Gauss measure 
p on H is defined by 

p(E) = (2tt)~* / e'^dx 
Jf 

for E £ 1Z, where n = dimPi? and dx is the Lebesgue measure on PH. It is known that p is finitely 
additive but not countably additive in 1Z. 

A seminorm ||| • ||| in H is called measurable if for every e > 0, there exists Po £ T such that 
/o(|||Px||| > e) < e for ¥ £ J- orthogonal to Po. Any measurable seminorm is weaker than the norm 
of H, and H is not complete with respect to ||| • ||| unless H is finite dimensional. Let B be the 
completion of H with respect to ||| • ||| and denote by i the inclusion map of H into B. The triple 
(i,H,B) is called an abstract Wiener space. 

Now, regarding y £ B* as an element of H* = H by restriction, we embed B* in H. Define, for 
a Borel set F C R", 

p({x £ B : ((x,yi),- ■ ■ , (x,y n )) £ F}) = p({x £ H : ((x,yi) H , • •• , (x,y n ) H ) € F}), 

where j/j's are in B* and (•, •) denote the natural pairing between B and B*. Let TZb denote the 
collection of cylinder sets {x £ B : ((x, yi), • • • , (x, y n )) £ F} in B. 
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Theorem 3.3 (Gross p is countably additive in the a-field generated by TZb- 

In the present context, let H = H% x and B = H S1 - S2 x H S1 ' S2 with Q < si < | < s 2 < 1. 
Then, it basically follows from (the proof of ) Lemma \3. 51 that the seminomas || • ||s is measurable. 
Hence, (i, H, B) is an abstract Wiener space, and p in l]22p is countably additive in B. 

Next, we consider the full Gibbs measure "dp — Z^ 1 exp(— H(4>, tp)) Yl xe j d(j)(x) ® dip(x)" where 
H((j),ijj) = i J (j) 2 + aip 2 — <frip 2 dx. As for the KdV case, J tfiip 2 dx is not sign-definite and thus we 
restrict ourselves to the ball of radius B > in L 2 x L 2 . See [T3], 0]. 

Let fijv = {(a„, b n ) : < n < N} and £1 = {(a n , b n ) : n > 0}. Let B be a cutoff on the L 2 norm 
and consider the ball in C N+1 x C N+1 given by 

&N,B = {(an,6n)o<n<AT : || &n)IU= - 

(Recall a_„ = and = 6 n .) Also, define Cl B = {(a„,6„)„> : ||(a„, 6 n )IUj < £?} . Let P^ 
be the projection onto the Fourier modes < N given by Pjv0 = 4> N — J2\ n \<N a-n£ mx ■ Then, we 
have p o P^ 1 = p N . Now, define the weighted Wiener measure pn on C w+1 x C N+1 = {(a n , b n ) : 
< n < N } by 



(23) dp N = Z N X exp Q y V N </>(W N il>y 2 dxJ XfW <Z(a , bo) <8> dp N , 

where Zjy = / c n+i xC n+i exp (~ j¥ N 4>(F N ip) 2 dx)xn N]B d(a ,b ) ®dp N , and da and d& are the 
Lebesgue measures on C. Similarly, the weighted Wiener measure p on {(a n , b n ) : n > 0} by 

(24) d/i = Z _1 expQ J (t)ip 2 dx^j xn B d(a 0l b ) ® dp, 

where Z = / exp fA J (f>ip 2 dx^ xo.b d(a ,bo) <8> dp. At this point, Z need not be finite. Indeed, the 
result below follows from [TS] and [3]- 

Lemma 3.4. For any r < oo, we have 

(25) exp Q y P Ar 0(P Ar ^) 2 ^ xn w , B G i/(d(a , 6 ) ® dpjv) 

(26) exp Q J cj)ip 2 dx^ xn B £ L r (d(a ,b Q ) ® dp). 

In particular, d/z is a probability measure. Moreover, we have dp^ <C d(ao,&o) ® d/9jv and d/Lt <C 
(i(ao, 6o) <8> dp. For our application (in Theorem^), we assume that uq (and u(t) for any t) has mean 
0. Hence, in the following, we let dao in (|23| and (|24|) to be the delta measure at n = rather than 
the Lebesgue measure on C. Note that dao plays no significant role in any case. 
Finally, define f2jv,B(si> S2, K ) and CIb(si, s%, K) by 



n,b(si, s 2 ,K) = \ (a n , b„)o< n <N G ft^s : Y] (a„, 6„)e m3; < if [ 



|n|<JV 



B (si,s 2 ,if) = ((a„,6„) n>0 € Cl B : V(a„,6„)e m;r < if}. 

n6Z 

Then, we have 

Lemma 3.5 (tightness). Let < s\ < | < S2 < 1. Then, for large K > 0, there exists c > 0, 
independent of N , such that 

(27) /xJv(fW\^JV,B(si,s 2 ,i<r)) <e~ cA ' 2 and /i(fi B \ fi B (si, s 2 , JQ) < e"^. 

The proof is analogous to that of Lemma 13.41 in [3] . We prove Lemma 13.51 in Appendix. 



INVARIANCE OF GIBBS MEASURE FOR KDV SYSTEMS 



9 



4. Function Spaces and Linear Estimates 

In this section, we go over the basic function spaces and linear estimates needed to establish 
Theorems [T] First, we define a variant of the Bourgain spaces for H S1,S2 defined in (fl8|) . Let 

_Y/ S2 '°°' b and X^>°°' b be the space given by the norms 

||u|| XS2 ,^ = ||(nr<r-n 3 ) b u(n,r)||^ i? 
IMIjr-,.0..* = \\(n) s *(T - an 3 ) b v(n,T)\\ L ~ L *. 

Recall that when b > |, the X Sl < 6 x X^' b norm controls the C([— T, T]:H Sl x norm. This, 

however, does not hold when b=\. Now, define Y Sl,S2 and Y^ 1,S2 where the norm is given by 

||tt||y.i..2 = ||ti||y.i + ||u||y*2,°o, and |M| r =i.*2 = \\v\\ Y »i + \\v\\ Y *2.°° , 

where 

= + \\{n) Sl u{n,r)\\ LlLl , and ||«|| y . a .c. = IMI^.j + ||<n) S2 £(n, t)\\ l ~ l1 . . 

Y^ 1 and Y£ 2 '°° for v are analogously defined with the obvious change of t — n 3 by t — an 3 . Re- 
call (c.f. 7 ) that the Y Sl x Y* 1 norm controls the C([-T, T]; # Sl x # Sl ) norm. Also, we have 
sup„(n) S2 |u(n,t)| < sup„(n) S2 J\u(n,T)\d,T < \\u\\y'*<°° for any t G M. Hence, the Y Sl ' S2 x Y" Q Sl ' S2 
norm controls the C([—T, T]; H Sl ' S2 x H Sl ' S2 ) norm. We prove Theorem[T]by a contraction argument 
on a ball in Y Sl ' S2 x Y£ 1:S2 for appropriate si, s%. 

Next, we discuss the linear estimates. By writing Q in the integral form, we see that (u, v) is a 
solution to with the initial condition (u ,vq) for \t\ < T < 1 if and only if 

(u(t)\ = I v(t)S(t)uo-r) T (t)JoS(t-t')d x (£)(t>)dt> \ 
VW ~ \r,(t)S a (t)v Q - VT (t)f*S a (t-t')d x ( U v)(t')dt') ' 

where S(t) = e~ t9 * and S a (t) = e~ at9 *. First, note that {-q(t)S(t)u Q ) A (n, r) = rj(r - n 3 )u^(n) and 
(r)(t)S a (t)v ) A (n, t) = rj(r ~ an 3 )v (n). 

Lemma 4.1. The following estimates hold for any sx, S2, b G K. 

||?7(t)iS , (i)uo||y«i.«2 < ||wo||ff s i. s 2, and ||r/(*)S' Q! (t)'Wo||y ( ji. s 2 < ||t;o||fl-«i.«2. 

Now, let -§ < b' < < b < b' + 1 and T < 1. Then, from (2.25) in Lemma 2.1 (ii) in Ginibre- 
Tsutsumi-Velo [TU], we have 

(28) \\n T (S*RF)\\ x , 1 ,><T 1 - b + b '\\F\\ xslM> 
where S * R F(t) = J* S(t - t')F(t')dt' . From [7, Lemma 7.2], we have 

(29) HS*rF)\\ Y s 1 <\\F\\ ZS1 , and\\ri(S a * R G)\\Yp <l|G|| z n, 
where 

and Z^ 1 is analogously defined with the change of r — n 3 by r — an 3 . Recall from [2], [10] that a 
factor of T°~ appears on the right hand sides of (f2U)) if we replace 77 by n T in . By the standard 
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computation [2], we have 

v (t){S * R F){t) ~ ^Y^^Y.^^ J v(T-n 3 )(T-n*) k - l F(n,T)dT 



k>l n£l 



+ ,,(*) V e *(«*+» 3 *) / C 1 #_^) f (n r)dr 
= : I + E + H. 



Then, a direct computation shows that 

f||I||y. a .~, ||n|| y . a - < \\{ny-{T-n*)- l F(n,T)\\ L ~ Ll 
iPllr— < 11^11^,^,-1 + \\(n) s Hr - n s )^F(n,r)\\ 



i.e. we have 

(30) IMS***")!!!"*.- £ ll^lU-a. 



where 



u\\ z , • = |// , , + || (n) S2 (T - n 3 ) l u(n,T)\\ L *°i£, 



l X s 2 , 

As before, a factor of T°~ appears on the right hand sides of ([30]) if we replace r\ by r] T in (j 3 1) . 
Similarly, we have \\r](S a *r G)|| Yq =2,°° < \\G\\ Z »2,°° , where Z^ 2 ' 00 is analogously defined with the 
change of r — n 3 by r — an 3 . Lastly, define Z Sl ' S2 and Z^ 1 ' 152 by 

IM|z s i-=2 = \\u\\z s i + ||«||z*a.« and ||u||^i.«2 = \\v\\ z ^i + \\v\\ z ^°°. 

Then, we have the following Duhamel estimates for b = | and b' — — A. 

Lemma 4.2. Let < T < 1. Then, we have 

\\v t (S*rF)\\y^2 <T°-||F|| z . 1i82 and||t/ T (S a *RGO||^i.' a < T°-||G|| z n^ . 

5. New Local Well-Posedness Result for a e (0,4) \ {1} 

In this section, we prove Theorem [T] by constructing a contraction in Y 3l ' S2 x Y^ 1 ' 32 , where 
7<Si<i<S2<l with 2si > S2 > h + h max(f Cl , Ufa, Ufa) and max(v Cl , Ufa, Ufa) < 1. Once we 
prove the bilinear estimates 

(31) ||9a(ulW 2 )|U s i. s 2 < ||wi|| y «i,»a ||«2||y« si ' 82 

(32) \\d x (uv)\\ zi i,s2 < \\u\\ Y »l.°2\\v\\ySl,S2 

with the mean condition on u, the local well-posedness of ([3]) in H Sl ' S2 x H Sl ' S2 on a time interval 
of size ~ 1 follows from Lemmata 14.11 14.21 (f3"Tj) , and (|3l?|) . provided that || («o, «o)||i/ s i s 2 x _ff s i s 2 is 
sufficiently small. 

To establish the LWP for the general initial data (uo,vq) without the smallness assumption, we 
need to gain a positive power of T from the bilinear estimates (f3"Tj) and (f3"2"| , assuming that the 
functions are supported on the time interval [— 2T, 2T]. In particular, we need to prove 

(33) Wn2T d x{v 1 v 2 )\\ Z s 1 ,s 2 < T^llviH^i.^ll^lly^i.^ 

(34) \\V2T d x( UV )\\z B a 1 - B2 < Te \\ U \\Y*l'°2\\v\\ySl,S2, 

for some 6 > 0. For the rest of this section, we first present the proof of (|3"Tj) and (|3"!?|) in Propositions 
15.21 15.31 and 15.41 Then, we mention how to obtain the positive power of T as in (|3"3")) and (f3"4"|) . 
First, recall the following result in [IS]. (See Remark 1 1. 21 ) 
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Lemma 5.1. Let si > 0. Then, we have 

(35) \\d x (viv 2 )\\ zai <||«i|| y - (: i||w2|| y -.i 
on {|n| < 1} or 

(36) A = {(n, Ui, n 2 ) : n = ni + n 2 , |n| > 1, |ni — cin| > 1 and \m — c 2 n| > 1}, 
where n, n\, and n 2 are £/ie spatial Fourier variables of v^v 2 , «i, andv 2 . Also, we have 

(37) ll^xMII^ ^hlknllwllyn, 
on {|n| < 1} or 

(38) C = {(n, rii, n 2 ) : n — n\ + n 2 , |n| > 1, |n-i — d\n\ > 1 and |ni — d 2 n| > 1}, 
where n, ni, and n 2 are i/ie spatial Fourier variables ofuv, u, and v. 

We point out that the proof of ([55)) and (|3T|) are basically the same as that of the bilinear estimate 
for KdV for s > in |2]. Hence, by assuming that v\v 2 in (|35[) and un in (|3T[) are supported on 
time interval [— 2T, 2T], we gain a positive power T on the right hand sides. For details, see [2]. 
Now, we prove pip in Propositions 15.21 and 15.31 

Proposition 5.2. Assume u ci < 1. Then, for ;j<si<i<s 2 <l iwtt s 2 > | + ifcu we /lave 

(39) \\d x (viV 2 )\\ zsl < Hwilly'i.'allt^llyjji.'a. 

Proof. In view of Lemma 15.11 we restrict our attention to 

(40) B = {(n, ni, n 2 ) € Z 3 : n = ni + n 2 , |n| > 1, |m — cin| < 1 and |m — c 2 n| < 1}. 

For fixed n € Z, there are only 4 values of rti in B, i.e. ni = [c\n], [c\n] + 1, [c 2 n], or [c 2 n] + 1, 
where [ • ] is the integer part function. Thus, there are 4 terms contributing in the convolution in 
the spatial Fourier variable. Note that we have \n\ ~ |ni| ~ |n 2 | on B. By the definition of the 
minimal type index v ci (see (|14[1 ). we have 

(41) MAX := max((r - n 3 ), (n - cm 3 ), (t 2 - an 3 )) > |n 3 - an 3 - an%\ > H 1 ^^ 

for any e > 0. Without loss of generality, assume (r — n 3 ), (ti — an 3 ) > (r 2 — an 2 ). 
First, consider the X Sl, ~"z part of the Z Sl norm. It suffices to show 



(42) 



(r-n 3 )^ («i) Sl (n 2 ) S2 ( n - an 3 ) 



T9( n 2,T 2 )dT 1 



< 



H/lkJ 



for each m = [cin], [cin] + 1, [c 2 n], or [c 2 n] + 1. From (|4ip . we have 



(43) 



{ni) sl (n 2 ) S2 MAX^ 



for s 2 > i + n^ci + The rest follows from Holder inequality in n and Young's inequality in r. 



Now, consider the second part of the Z Sl norm. It suffices to show 



1 



1*1+1 



/(m,n) 



ni; 31 ^ 02 ( n - cm?) 



-g(n 2j T 2 )dT 1 



< 



T=Ti+T 2 

for ni = [cin], [cin] + 1, [c 2 n], or [c 2 n] + 1. By Holder's inequality in r, we have 



LHS < 



1 



\si+l 



f{n x ,Tx) 



(r-n 3 )5- (m)'^)" 3 ( Tl _ an 3) 

,1/2 



-a(n 2 ,T 2 )dTi 



where c = sup„ (f(r — n 3 ) 1 dr) < oo. The rest follows from the previous part as long as 



s 2 > 



2 + 2 ly C 1 T o 



□ 



12 



TADAHIRO OH 



Proposition 5.3. Assume v ci < 1. Then, for ^<s 1 <i<s 2 <l with 2si > s 2 > \ + \v ci , we 
have 

(44) ||a„(« 1 «a)|| Z . a ,a. < WVxWyS^Wv^yS^. 

Proof. For |n| < 1, we have (n) S2 ~ (n) Sl and L^-norm ~ L 2 -norm. i.e. it reduces to Proposition 
15.21 Thus, assume |n| > 1. Without loss of generality, assume (r — n 3 ), (ri — an 3 ) > (r 2 — cm?,). 
First, consider the _Y S2 '°°' _ 2 part of the Z S2 '°° norm. 
• Case (1): Away from resonances, i.e. on A in (|36l) 
From [IS], we have 



(45) 



MAX := max((r - n 3 ), (n - an 3 ), (r 2 - an\)) > \n 3 - an\ - an\\ > 



This can be seen from the fact that P n (n\) := n 3 — an 3 — an 3 , is a quadratic polynomial in n\ for 
fixed n and that d ni P n (ni) at ni = c\n,c 2 n (i.e. at the zeros of -P n (ni)) is of order n 2 . It suffices 
to show 

/„\S2 + 1 



E 



n— ni+ri2 



/(ni,ri)g(n 2 ,r 2 )dri 



< 



l/lk l!T1 Nk 2 LV 



("-i) Sl («2) Sl (r - n 3 )5(n - cmf)^ 

2 

If ImUnal > |n|, then we have, from (@S|, f^g^ 1 i < M*- 2 * < 1 for 2« x > s 2 . 



Otherwise, we have |ni| <C |n| or |n 2 | <C In this case, we have MAX > \n 3 — an 3 — an 2 | > 



■2 + 1 



- — — r < | rt| S2 Sl 2 < 1 for s± + | > s 2 . Then, the rest follows from 



and this gives us -, ; 

6 (ni)'Mri2)-' MAX 5 

Young's inequality in n and r. 

• Case (2): Near resonances, i.e. on B in (|40|) 

It suffices to show, for n\ — [cin], [cin] + 1, [c 2 n], or [c 2 n] + 1 



\S 2 +1 



f(ni,T 1 )g(n 2 ,T 2 )dT 1 



(«i) S2 (^) S2 (t - n 3 )^ ( Tl - an 3 )^ 



< 



L°°L1 



ll/IU^JIslUs^ 



From (HB, we have 7 xlTU ~^—r < Inh^+^+iKi + iK < x for > l 
rest follows from Holder inequality in n and Young's inequality in r. 

Now, consider the L^L\ part of Z S2 '°° norm. 
• Case (3): Away from resonance. 

It suffices to show 

{n) S2+1 f{n- L ,T 1 )g(n 2 ,T 2 )dn 



ie. Then, the 



E 

71=711+112 



T=Ti +T 2 



(n 1 ) s ^(n 2 ) Sl (r - n 3 )(ri - anf)3 



< 



/lk liT1 IMk 2 LV 



As in the proof of Proposition 15.21 apply Holder's inequality in r, and the rest follows from Case 

(1) for 2si > s 2 . 

• Case (4): Near resonances. 

In this case, it suffices to show, for n\ — [cin], [c\n] + 1, [c 2 n], or [c 2 n] + 1, 

£ II/IIl~L 2 IMU«£i 



f(n 1 ,T 1 )g(n 2 ,T 2 )dT 1 



(m) S2 (n 2 ) s 2 (r-n 3 )( Tl -an 3 )^ 



As in Case(3), apply Holder's inequality in r, and the rest follows from Case (2) as long as for 



s 2 > h + hv, 



□ 



2 ~ 2 c i 1 2 

Proposition 5.4. Assume maxfi/jj,^) < 1 and £/ie mean condition for u. Then, for \< s\ < 
| < s 2 < 1 wi£/i s 2 > I + 5 maxf^j , fd 2 ) } we have 

(46) RMIk-' 2 £NI^H r n.s 2 . 
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Proof. We omit the details of the proof of Proposition 15.41 since it is basically the same as those 
of Propositions 15.21 and 15.31 once we point out the following. Let MAX := max((r — an 3 ),(ri — 
(t~2 — cmf))- Then, we have MAX > \an 3 — n\ — an\\ > \nin\ on C in (|38|) , i.e. away from 
resonances. Moreover, if \ni\ <C |n| or | rz2 1 <C \n\, then we have MAX > \an 3 — n 3 — an 3 ,] > \riin 2 \. 
Now, define the resonance set D by 

(47) D = {(n, n 1; n 2 ) : \n\ > 1, \nx - d x n\ < 1 and \nx - d 2 n\ < 1}. 

i.e. the left hand side of (TIB"]) can be small on D. As before, for fixed n 6 Z, there are only 4 values 
of n\ in D, i.e. n\ = [din], [din] + 1, [(fen], or [d 2 n] + 1. Thus, there are 4 terms contributing in 
the convolution in the spatial Fourier variable. Note that we have \n\ ~ |ni| ~ \n 2 \ on D. By the 
definition of the minimal type indices v^, Vd 2 ( see (1171) ). we have 

MAX :=>|cm 3 - n 3 - an 3 \ > |ni||n|°- > | n |l-™w("di."«i)-«. 

for any e > 0. The rest follows as in the proof of Propositions 15.21 and 15.31 □ 

This establishes the LWP for the periodic Majda-Biello system ([3]) for small initial data (uq, vq) S 
ffs u s 2 x jjs 1 ,s 2 _ p or ^.jjg g enera j data without the smallness assumption, one can exploit small time 
intervals [-2T, 2T], T < 1 to gain an extra factor T 9 for some 6 > as in ((33j) and ([34]). We discuss 
how to gain T e in (|42p assuming the functions are localized in time, i.e. by replacing / (or g) by 

fhr */ (or *#) in HI- 

Suppose MAX = (r — n 3 ). Then, it suffices to prove 

(48) LHS of dH with / replaced by fQ, * f < T e \\f\\ LlL i\\g\\ L? * L i. 

By (|4"2"]) . Holder in n, and Young's inequality in r, we have LHS of (|4"8"]) < */||l2 ||<?||£°°_£,i , and 
the first factor is bounded by ||?7^, || x,a ||/||i,2£i ~ ^ ||/||l2 14 by Young's inequality. Next, suppose 
MAX = (ri — an 3 ). Then, it suffices to prove 

(49) LHS of dUD with g replaced by rQ * g < T e \\f\\ L 2 Jg\\ L ~ L i ■ 
By (|42[) . Holder in n, r, and Young's inequality in r, we have 

LHS of m < II (r - n 3 )-?f * (rQ * 5 )|| L , t < ||(t - n 3 )^ \\ L „ L , \\f * * .g)|| L , L e 

^ II/IIl2 J|?C * sll^ ^ < \\fh T \\ L vA\f\\Li <T \\g\\L~Li ~ r^ii/n^ j| 5 || L oo L i. 

All the other estimates in Propositions 15 . 21 15 - 31 and 15.41 can be modified in a similar manner to 
gain T and we omit the detail. (Note that we have L\ on the left hand side, possibly after Holder 
inequality in r, and L\ and L\ on the right hand side for all the estimates.) This yields the 
local well-posedness on the general data (u ,i>o) G H Sl,S2 x H Sl,S2 without smallness assumption. 
Note that the time interval [— T 1 T] of existence depends on the size of || (uo, vq)\\h s i< s 2 xh b i- b 2 in an 
inverted polynomial way. See [2]- 

6. Global Well-Posedness on the Statistical Ensemble and the 
Invariance of the Gibbs Measure 

Once we establish the local well-posedness of Q via the fixed point theorem and tightness of 
/ijv and u fLemma I3.5|) . Bourgain's argument in [4] yields the global well-posedness a.s. on the 
statistical ensemble. As for the invariance of the Gibbs measure /i ( Theorem 16. 6|) . we follow the 
argument in Rey-Bellet and Thomas [20]. We include these arguments for the sake of completeness. 

Consider the finite dimensional approximation to 

,, m / u?+u» xx +P N (v N v!?)=0 

(50) I v» + av» x +F N ((u»v N ) x )=0, 
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with (u N (x,0),v N (x,Q)) = (v,g(x),vff(x)) = (¥ N u {x),P N v {x)) for N -> oo. In the following, 
we assume that the mean of uo is 0. Note that J (u N ) 2 + (v N ) 2 dx is conserved under the finite 
dimensional flow. Moreover, the finite dimensional truncation of the Hamiltonian 



(51) H N (u,v)= l -Jiu^Y+a{v^f-V N (u N (v N f)dx 

is conserved as well. Therefore, by Liouville's Theorem, fi^ is invariant under the flow of (|50[) . 

In the following, we first establish the a.s. GWP of ([50)1 (with an explicit growth bound modulo 
small set), independent of N. Then, using this and the invariance of /z/v, we show the a.s. GWP of 
([3]) and the invariance of \x. 

Lemma 6.1. Let \ < si < | < S2 < 1 with 2s% > s 2 > h + h max(i/ ci , Vd ± , Vdv)> T < oo, and 
e > 0. There exists a set ^N,e C H S1 ' S2 x H S1 ' S2 such that fiff(Q, Ne ) < £ and for (uq,Vq) € fijv,e> 
i/ie solution (u ,v ) to £/ie /VP (|B0[) satisfies, for \t\ < T, 



\^ N ^ N )m\ H ^ H ^ 2 <{io g 



Proof. Let Siq{t) be the flow map corresponding to ([50)1 . By Liouville's theorem, /zjv is invariant 
under Sjv(i) for all f (as long as the solution exists.) Note that acts continuously on the function 
spaces used for the local theory of © in H Sl ' S2 x H 3l,S2 . Then, from the local well-posedness of 
© in H Sl ' 32 x H Sl ' S2 , we obtain the local well-posedness of O in H 31 ' 32 x iJ s i' s 2 with the same 
bound; i.e. if (uq,v n ) € &n,b(sx, s 2 , K), then 

\\(u\v»)(t)\\ Hai , B2xH ^ 2 <2K 

for |i| < S ~ J\T 61 with some > 0. Note that this is independent of TV. 

f— 1 

Let S = Sn(S) and consider the set £In,e = fl-LiT, S j O,n,b(si, S2, K). From the invariance of 
Hn, we have 

Hence, we have e ) < £ for K ^ (log -j-) 2 . If (u$,v N ) G Ojv )e , then by construction we 

have ||(w JV iW JV )(j5)||„ ai(a2 < K for j — 0, 1, • • • Thus, we have the well-posedness on each 

subinterval [jS, (j + 1)5] of [0, T] for j = 0, 1, • • • , [?] — 1 (with bounds independent of N) and 

||(lAO(i)|| K31 , 82 <2Jf ~ (log|y for0<i <T. 

Since the flow is time-reversible, we have || (u N , vN )(t)\\ H s 1 ,s 2 ^ (l°g"j") 2 f° r 1*1 <T. □ 

Corollary 6.2. Lei |<Si<|<S2<l 2s\ > s 2 > | + |max(i/ Cl ,^ 1 ,i/ ( i 2 ) and e > 0. 
TTiere exists a sei fi^ £ C H 31 ' 32 x /P 1 ' 82 sudi that fi N ({n' N e ) c ) < e and for (ug,v N ) € ft' N<s , the 
solution (u , w w ) to £/ie /VP (|50[) satisfies, for all t € M, 

(52) ll(^^)WL 31 , 32xffs , S2 <(log^) 5 . 

Proof. With Tj = 2 J and £j = t^t, construct 0^ g . described in Lemma 16.11 Then, let 
^jv.e = C(jLi^Ne - By construction, we have ([52]) for (uq,Vq) € ^jv,e-> anc ^ ((^jv. £ ) c ) < 

Er=i^((^r)<^- □ 
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Proposition 6.3. Let j<s 1 <^<s 2 <1 with 2s x > s 2 > \ + \ max(V cl , , z^ 2 ) and e > 0. 
Then, there exists a set£l E C H Sl ' S2 xH Bl ' S2 such that p{^l c e ) < e and, for a set of data (uo,vo) € Q e , 
the Majda-Biello system ([3]) is globally well-posed with the bound 



\\(u,v)(t)\\ H *i,<>2xH°i->2 < lo 



1+ t 



for all t £ 



Proof. First, fix <j\, o~2 such that k < si < o\ < h < s 2 < &2 < 1 with 2<7i > o~2- Also, fix T < oo, 
e > 0, and large N = N(T, e) (to be determined later.) Consider ([50]) with (U, V) = (u N ,v N ) and 
(U,V)\ t =o = (Uq,Vo) = (Pnuo,PnVo)- Then, with 7 = min(cri - si,a 2 - s 2 ) > 0, we have 

(53) \\(u ,v ) - (U ,V )\\h°i^ <N-~<\\(u ,vo)\\h°i-°2. 

As in the proof of Lemma \6. 11 construct the Sljv.e set with the large radius K ~ (log p-) 2 such 
that d(ao,b Q ) ® p N (Q, c N e ) < Z~?s 2 . Now, let fl E = {(a„,6„)„> S f2 B (cri, <t 2 , if) : (a„, 6„) <„<at S 
fijv.e}- Note that f2 e really depends on both e and T since iV depends on e and T. This dependence 
is explicitly discussed in the last paragraph of the proof. Then, with the understanding that fl E = 
£Ib \ we have d(ao, bo) ® p(^) < Z~ 2£ 2 . Then, by Lemma I3T41 and Cauchy-Schwarz inequality, 
we have /-i(^) < e. 

Let {uq,vq) S f2 e . This implies that for (Uo,Vo) — (itj^,^) € f2jv. £ . Then, as in the proof of 
Lemma \6.l\ we have \\(U, V)(jS)\\H 3 i- a 2 < K for j = 0, 1, • • • , [?] . Also, from the local theory, we 

have||(«,i;)(t)|| ff . 1 .^,||(l7 ) V)(t)||ffi.' a < 2# for \t\ < S. 

Now, consider the difference of the solutions {u,v) and (U, V) to ©and (|5"0"|) . By writing as 
integral equations, we have 

f u(t) - I7(t) = S(t)(uo - 0b) ~ Jo - t')F(t')dt' 
\v(t) - V(t) = S a (t)(v - V ) - J* S a {t - t')G{t')dt', 

where F(t) = d x (^){t) -¥ N d x (^-)(t) and G(t) = ^(w)^) - F N d x (UV)(t). Now, let to = (u,v) 
and VF = (U, V). From the linear estimates, we have 



(54) 



\ri{t)(S(t),S a (t))(w -W )\ 



Y S T-' S 2 



< 



\\w ~ Wollfl-'i." 



we have 



Since Pjv((P«w) 2 ) = (Pf«)\ 

F = ^d x (v 2 - (P f v) 2 ) + \p n 3 x ((¥nv) 2 - v 2 ) + \p N d x {v 2 - V 2 ). 
Then, from the local theory along with the boundedness of Pjv, we have 



Vs (t) / S{t-t')F{t')dt' 







< F 



d x {y + ¥Nv){y-¥Nv) 



< 

S, 5 1 1 1 ( t j_ 1 1 1 ^ ■ j 

for some 6* > 0. Note that \\v - 
2K. Hence, we have 



Z s i' s 2[-S } S] 



+ \\d x (v + V)(v-V)\ 



f V \\Yi ue2 [-5,5] 



[S,S] 



„ + \\v + V\\y^4v-V\ 



Z s i- s 2[~S,8] 

Y^'' 2 [-5 > 5} / 



<N-iK and ||Pjvw|L, sl> e 2r _ AA1 , ||V|| v .i,. ai • 



(55) 



»?.(*) / S{t-t')F{t')dt' 



< C5 e {N-~< + \\w-W\\ Y . 1 ^ xY ^ [ _ SiSl ). 

y«i>«2 
Similarly, we have 

G = d x (u — Prt)t) + 9 x (P«:u)(i; - Pnv) + ¥ N d x (PN_u)(¥NV - v) 
+ F N d x (F K u - u)v + P N d x u{v — V)+ P N d x {u - U)V 
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and thus 

ft 



(56) 



fj,(t) / S a {t-t')G(t')dt' 



< C5 e (N^ + \\w- W\\ Y s 1>S2xY ^ 2[ _ StS] ). 

y Q sl ' S2 [-A\5] 



From (J54J), d55J) , and ([56]), we have 

||W - W\\ yi)1 ,s 2x y^' s *[-S,8} < c \\ w o ~ WoWbli 

+ CS e (N-^ + \\w- W\\ Y s„s 2xY ^s 2[ _ 5>5] ). 

Then, by choosing 5 sufBciently small, it follows from (|53[) that 

\\{w-W){8)\\ H s U s 2 < Ww-WWy^xy^^ < IK-WbllH-L-a <N~^K. 

By choosing TV large such that [-yji^A^ 7 C 1, we can repeat this argument times over the 
intervals [jS,(j + 1)6] for j — 0, 1, • • • , [-j] — 1 and obtain \\(u,v)(j5)\\H 3 i- s 2 < K + 1 for j = 

0. 1, • • • , . Hence, from the local theory and the time-reversibility of the equation, the solution 
(u,v) with the initial data (uq,vq) G fl e exists on [— T, T] and moreover we have \\(u, v)(t)\\H B i- B 2 < 
2{K + 1) - ( log f ) ^ for all |i| < T. 

Note that f2 e constructed above depends on TV, T, and e, where N, in turn, depends on T and e. 
To be explicit about this dependence, let us denote f2 e and N by 0(T, e) and AT(T, e). Now, fix e > 0, 
and let Tj = 2 J ' and £^ = ^ for j e N. Then, construct = ^(T^ej) with A/j = N(Tj, Sj). By 

construction, p({n { £ 3) ) c ) < ej. Note that Kj ~ (log = (log ^^)* ~ (logf.)*. Thus, we 

can choose Nj sufficiently large so that [jr]KjNp < Np < 1. Also, for {u ,v ) £ we 
have 

\\(u,v)(t)\\ H ^ < (iog^|^)' = (io g ^)" ~ (logjf = (log | y 

for |i| < Tj. Finally, let fl £ — Hjli ■ Then, £l e has the desired property. □ 

Remark 6.4. This establishes the global well-posedness of the Majda-Biello system almost surely 
on the statistical ensemble (with the L 2 cutoff and the mean assumption on uq.) 

As a corollary, we obtain 

Corollary 6.5. Let i < si < o\ < h < S2 < <J<i < 1 with 2si > S2 > \ + \ max(^ Cl , Vd x , Vd 2 ) and 
2(7i > (72- Also, let Q e be as in Provosition \6.S\ Then, for T < oo, we have 

\\{u,v) - (u N ,v N )\\ ca _ TT] . Hsl _ S2xHsl ^ 2) -> 

as N — > oo uniformly for (uq, ^o) £ Q e - 

Now, we are ready to prove the invariance of p. Let 

X = \J{f = f((a n ) |n|<M; {°n)\n\<M) continuous and bounded}. 

M 

1. e. / € X is bounded and there exists M such that / depends continuously on a finitely many 
modes {|n| < M}. Let X be the closure of X. Also, for \t\ < oo, let S* be the flow map for the 
Majda-Biello system ([3]) and S l N be the flow map for its finite dimensional approximation ({ST 

Note that pn is obtained from p by integrating in (a„, 6„)„>Ar. From Sobolev inequality, 



<U N - 4>\\ Hh U\\ 2 H , + U\\ Hi \M\ Hi H N - n Hi - o, a.s. 



as JV -t oo since (0,-0) S #s a.s. Also, we have e i ■f^ N 't'- ao ^ VN ^- b ^ 2 xq n b < 

c l||0 — a o|| 1 ~I -C 2||V' — ^0 || 1 i 

e He hg xn B € L (dp) for any iV. Thus, by Dominated Convergence Theorem, we 
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have limjv^oo %n — Z ■ Then, from the boundedness of / and Dominated Convergence Theorem, 
we see that 



(57) I N := j /(5^(Pjv^, P* VO) (dfx - dp N ) 

Z^^'^^^xo,, - Z~ l ei f^xnz }f(S t N (P N ^ P N yj))d(a , b ) dp 



tends to as N — > oo. 

Theorem 6.6. The Gibbs measure p is invariant under the flow of the Majda-Biello system ([3]) in 
the sense that 



for all f e X. 

Proof. Fix / G X, t > 0, and e > 0. Let Jjv(A) = | f A f{S l Lp) - f(S* N F N <p)dfi,\, where <p = (</>, V)- 
By Corollarv l6.51 we have \\S*<p — S^Pjvyllfpi-^ — > as N — > oo uniformly for (</>, t/;) G Since 
/ is continuous, there exists Ni such that 

?w(n e ) < sup |/(SV) - /(Sfr^)l < e, 

for all iV > iVi. On we have T N (^ C £ ) < 2||/|| L » j u(^) < e. From ([571), there exists N 2 such that 
|/jv| < £ f° r a h N > N2- Putting all together, we have 



(58) 



<i N (n £ ) + i N {n c E ) + \i N \<e 



f(S t i P )dp - I f(S t N F N i P )dp N 
for all N > max(iVi, A^). Therefore, from ([55)) and the invariance of pn, we have 
(59) / f(S t i P )dp = lim / f(S t N P N i P )dp N = lim / f(P N <p)dp N = [ f{tp)dpi. 

By density, ^ holds for all / G X. 

7. Appendix 



□ 



In this appendix, we present the proof of Lemma 13 . 51 following the notations introduced in Section 
3. We only show the second estimate in (1271) . From Holder inequality and Lemma \'6. 41 we have 



fi(n B \ ti B (si, s 2 , K)) = / XQi 

J{\\(<f,,ifi)\\ H , 1 ,s 2 >K} 



dp 



<B 2 



Xn B dp 



X{U4>M\ H -i^2>K}XnB e2 



L 2 (d{a ,b )®dp) 



'{ II (<*>,•</>) II Hn-=2>-f0 
< p(\\{<t>M\H^ > K, \\{(t>M\^ < B,<t>,^ meanO) 1 . 

For notational simplicity, we assume 4> and ip have mean in the following. By the definition of the 
fjs 1 ,s 2 norrrij we have 

p(\\(M\\H^ > K, \\{<f>,tl>)\\ L * <B)< > \K, \\{<I>A)\\l* < B) 

(60) + (O (sup(n) S2 |0(n)| +sup(n) S2 |^(n)| > \K, ||(&V)IU" < B) . 



Let dpi = dpi 



(a„) r , 



and dp2 = dpi 



Then, we have 



p(M4>,iI>)\\h*i > \K, \\{<l>,i>)\\v < B) < Pi {{U\\h- > \K, M\\v < B}) 

+P2({Mh° > \K,U\\ L *<B}). 
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We only prove the estimate on pi. Fix M dyadic (to be specified later.) Then, we have 
||E H <M ^) ein 1L ^ CMS(E H <M \Hn)\T < CM $ B - B y choosing CM&B = \K, we 
^ve || E|„|<M ^y n %s < \K and M ~ (§)-. 

Now, let (Tj = C2 _£J for some small e > 0, where C is chosen such that Ylj>i G i = g" Also, let 
Mj = M 2 J ' dyadic. Note that aj = CM^MJ e . Then, we have 



pi(W\\H. >\K, U}\ l ,<B)<J2pi[\\ E l{n)e mx Hs >a 3 K\. 

j=l \n\~Mj 

Recall that (j>(n) = ^"i » wriere {/n(w)} n >i are i.i.d. standard complex Gaussian random variables 

^ i 

and /_„ = /„. Thus, if || £| n ^ M . 4>{n)e mx \\ HS > (TjK, then we have (£ n ^ M . |/«M| 2 ) 2 > it; := 

ajKAlj~ s . Then, using the polar coordinates, we have 

(61) P u [( V |/«H| a )*>i2,-]~ / e"^ TT d/„< [°° e~^r 2 *^ M ^dr. 

Note that the implicit constant in the inequality is o{S 2 '#{ n ~ Mj }~ 1 ), a surface measure of the 
2 • #{n ~ Mj} — 1 dimensional unit sphere. We drop it since cr(S n ) — 2ir% /T(^) < 1. By 
change of variables t = M^K, we have r 2-#{n~Af,}-2 < r 4Af, _ Mj M H AM >. Since f > Mj*Rj = 
CKM$M?~ s ~ e > KM$M° + as long as s < \ (with e > sufficiently small), we have 

(62) = e 2M ^ lnM ^ < e* M ^ 2 , and t 4M * = (t 4 )f < (e*' 2 ) M ' = e* M ^ 2 

for K sufficiently large, independent of Mj > Mq. Thus, we have r 2 -#{ n ~ M i}- 2 < e \ M j* — e k r2 
for r > R. From this and (IBTl) , we have 



/ \ 1 /" c 



e i r rdr = Ce 1 a < e J = e 



Then, by summing up over j, we obtain 

oo 

Pl (||^|| ff . > \K, U\\» < B) < Ye~ ca l* 2 ""* < e~ c ' K2M2 °- 2s < e~°" K \ 

3=1 

As for the second term in (|60p . we have 

p(sup(n) S2 |0(n)| +sup(n) S2 |^(n)| > \K, W&Mh* < B) 
n n 

< pi(sup(n) S2 \0(n)\ > \K) + p 2 ( sup(n) S2 |^(n)| > ifcT). 

n n 

First, recall the following integrability result due to Fernique [5j for an abstract Wiener space 
(i, H, B). 

Proposition 7.1 (Theorem 3.1 in [14). Let {i,H, B) be an abstract Wiener space. Then, there 
exists c > such that J B e c " a: " B /^(dx) < oo. Hence, there exists c' > such that p(\\x\\b > K) < 
e~ c ' K \ 

Now, define a Banach space B S2 via the norm || • \\b s 2 = sup„(n) S2 |0(n)|. Then, (|27|) follows once 
we show that (i, Hq, B" 2 ) is an abstract Wiener space. 

First, recall that {n) S2 \4>{n)\ ~ {n) a2 - l \f n (u)\. Let X n (w) = | (cj) | . Then, wehaveE[X„] < 
oo, which immediately implies that (n)~ 1 X n — > a.s. Then, by Egoroff's Theorem, given e > 
there exists a set E C £1 with p(E c ) < e such that (n) S2 \(j>(n)\ — > uniformly on _E. Then, 
choose Nq sufficiently large such that (n) S2 \(j>{n)\ < e on E for all |n| > iVo- This shows that 
/o(||IP> jv ^11 > e) < e as desired. 
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